A method for the determination of the optimal polynomial functions for the conduction of machine-tool setting variations in pinion teeth finishing in order to reduce the transmission errors in spiral bevel gears is presented. Polynomial functions of order up to five are applied to conduct the variation of the cradle radial setting and of the cutting ratio in the process for pinion teeth generation. Two cases were investigated: in the first case the coefficients of the polynomial functions are constant throughout the whole generation process of one pinion tooth-surface, in the second case the coefficients are different for the generation of the pinion tooth-surface on the two sides of the initial contact point. The obtained results have shown that by the use of two different fifth-order polynomial functions for the variation of the cradle radial setting for the generation of the pinion tooth-surface on the two sides of the initial contact point, the maximum transmission error can be reduced by 81%. By the use of the optimal modified roll, this reduction is 61%. The obtained results have also shown that by the optimal variation of the cradle radial setting, the influence of misalignments inherent in the spiral bevel gear pair and of the transmitted torque on the increase of transmission errors can be considerably reduced.
INTRODUCTION
The traditional cradle-type hypoid generators are evolved into computer numerical control (CNC) hypoid generating machines, as are the Gleason Phoenix series and the Klingelnberg universal spiral bevel gear generating machine. These new CNC hypoid generators have made it possible to perform nonlinear correction motions for the cutting of the face-milled spiral bevel and hypoid gears. The following references summarize the proposed free-form cutting methods.
Local synthesis of spiral bevel gears with localized bearing contact and predesigned parabolic function of a controlled level for transmission errors was proposed by Litvin and Zhang [1] . The theory of modified roll, the variation of cutting ratio in the process for pinion teeth generation was introduced. In the paper published by Argyris et al. [2] , a computerized method of local synthesis and simulation of meshing of spiral bevel gears with pinion tooth-surface generated by applying a third-order function for modified roll was presented. Fuentes et al. [3] and Litvin and Fuentes [4] have developed an integrated computerized approach for the design and stress analysis of low-noise spiral bevel gear drives with adjusted bearing contact. The predesigned parabolic function of transmission errors was achieved by the application of modified roll for pinion tooth generation. Ref. [5] covered the design, manufacturing, stress analysis and results of experimental tests of prototypes of spiral bevel gears with low levels of noise and vibration and increased endurance. Three shapes of blade profile and a modified roll for pinion tooth generation were applied.
Based on the grinding mechanism and machine-tool settings for the Gleason modified roll hypoid grinder, a mathematical model for the tooth geometry of spiral bevel and hypoid gears was developed by Lin and Tsay [6] . Chang et al. [7] proposed a general gear mathematical model simulating the generation process of a 6-axis CNC hobbing machine. The so-called Universal Motion Concept (UMC) was developed by Stadtfeld [8] . In the UMC eight correction mechanisms were introduced into the calculation of machine settings for gear cutting. In order to develop a gear geometry that reduces gear noise and increases the strength of gears, the Universal Motion Concept was applied for hypoid gear design by Stadtfeld and Gaiser [9] . Higher order kinematic freedoms up to the 4 th order were applied to achieve the best possible result in noise, sensitivity, and adjustability.
Linke et al. [10] presented a method for taking any additional motions mapped in the process-independent mathemati-cal model of the generating process into account in the simulation of the manufacturing process of bevel gears. It was demonstrated, how a specific influencing of the meshing and stress conditions can be achieved by such additional motions. A mathematical model of universal hypoid generator with supplemental kinematic flank correction motions was proposed by Fong [11] to simulate virtually all primary spiral bevel and hypoid cutting methods. The supplemental kinematic flank correction motions, such as modified generating roll ratio, helical motion, and cutter tilt were included into the proposed mathematical model. Wang and Fong in Ref. [12] proposed a methodology to improve the adjustability of the spiral bevel gear assembly by modifying the radial motion of the head cutter in the machine plane of the hypoid generator. A method to synthesize the mating tooth-surfaces of a face-milled spiral bevel gear set transmitting rotation with a predetermined fourth-order motion curve and contact path was presented by Wang and Fong [13] .
By Achtmann and Bär [14] , modified helical motion and modified roll were applied to produce optimally fitted bearing ellipses. The paper published by Fan [15] , presented the theory of the Gleason face hobbing process. In Ref. [16] , a generic model of tooth-surface generation for spiral bevel and hypoid gears produced by face-milling and face-hobbing processes conducted on free-form computer numerical control (CNC) hypoid gear generators was presented. Fan et al. [17] described a new method of tooth flank form error correction, utilizing the universal motions and the universal generation model for spiral bevel and hypoid gears. Shih and Fong [18] proposed a flank modification methodology for face-hobbing spiral bevel gear and hypoid gears, based on the ease-off topography of the gear drive. Gear generation with supplemental spatial motions (helical motion, tilt motion), particularly interesting for gear generation with modern free-form cutting machines, was presented by Di Puccio et al [19] . The application of modified roll and basic machine root angle variation in spiral bevel pinion finishing was introduced. In Ref. [20] published by Cao et al., third order function for the modified roll was applied in order to achieve a predesigned parabolic function of transmission errors and to improve the contact pattern with the desired shape of contact path in spiral bevel gears. Liu and Wang [21] presented a method for realizing and improving the conventional gear cutting, associated with a traditional machine-tool upon a CNC free-form gear cutting machine.
The truly conjugated spiral bevel gears are theoretically with line contact. In order to decrease the sensitivity of the gear pair to errors in tooth-surfaces and to the mutual position of the mating members, carefully chosen modifications are usually introduced into the teeth of one or both members. As a result of these modifications, the spiral bevel gear pair becomes "mismatched", and a point contact of the meshed teeth-surfaces appears instead of line contact. In practice, these modifications are usually introduced by applying the appropriate machinetool setting for pinion and gear manufacture. The generation of tooth-surfaces of the pinion and the gear in mismatched spiral bevel gears was described in Ref. [22] . In this paper a method is presented for the determination of the optimal polynomial function for the conduction of machine-tool setting variation in pinion teeth finishing in order to reduce the transmission errors in mismatched spiral bevel gears. 
THEORETICAL BACKGROUND
The Spiral Bevel Gear Pair. A Gleason type spiral bevel gear pair with generated pinion and gear teeth is treated (see Fig. 1 ). The pinion is the driving member. The convex side of the gear tooth and the mating concave side of the pinion tooth are the drive sides. The modifications are introduced into the pinion tooth-surface by applying machine-tool setting variations in pinion tooth generation. As a result of these modifications the spiral bevel gear pair becomes mismatched and a point contact of the meshed teeth-surfaces appears instead of line contact.
The relative position of the pinion and the gear is defined by the following equation (based on Fig. 1 Machine-Tool Setting for Pinion Finishing. The machinetool setting used for pinion teeth finishing is given in Fig. 2 .
The concave side of pinion teeth is in the coordinate system 1 K (attached to the pinion, Fig. 2 ) defined by the following system of equations
where ( ) K (rigidly connected to the cradle and headcutter 1 T ) to system 1 K (rigidly connected to the being generated pinion). Equation (2b) describes mathematically the generation of pinion tooth-surface by the head-cutter [22] . The matrices and vectors of system of Eqs. (2a) and (2b) are defined as it follows.
The surface of the head-cutter used for finishing the concave side of pinion teeth is in the coordinate system 
On the basis of Fig. 2 and Eq. (3), for the relative velocity vector ψ correspond to the generation of the "initial" contact point on the pinion tooth-surface. Because of the mismatch of the gear pair, only in one point of the path of contact, called as the "initial" contact point, the basic mating equation of the contacting pinion and gear tooth-surfaces is satisfied, producing the correct velocity ratio based on the numbers of teeth. Usually, the middle point of the gear tooth flank is chosen for the initial contact point and the machine-tool settings for pinion and gear manufacture are calculated due to this initial contact point.
In this paper the variations of the cradle radial setting p e and of the modified roll for pinion generation are conducted by polynomial functions of order up to five: 
where 1 ψ is the angle of pinion rotation during its generation;
angle cp ψ is the angle of rotation of the cradle of the cutting machine. Two solutions are investigated: in the first case the coefficients in Eqs. (9) and (10) are constant throughout the whole generation process of one pinion tooth-surface, in the second case the coefficients are different for the generation of the pinion tooth-surface on the two sides of the initial contact point. The results have shown that the second solution gives much better results.
Potential Contact Lines Under Load. As it was mentioned before, as a result of the modifications introduced into the teeth of one or both members, theoretically point contact of the meshed tooth-surfaces appears instead of the line contact. However, as the tooth-surface modifications are relatively small, even in the case of light loading, the theoretical point contact spreads over a narrow surface along the whole or part of the "potential" contact line. These potential contact lines can be obtained by determining the line of minimal separations of the mating tooth-surfaces along the face width of teeth. The separations are defined as the distances of the corresponding surface points that are the intersection points of the straight line parallel to the common surface normal in the instantaneous contact point, with the pinion and gear tooth-surfaces. Mathematically, it means the minimization of the function It should be mentioned that in the case of edge contact the computer program developed and applied automatically adjusts the values of separations in other points of the potential contact line accordingly to the zero separation of the edge contact point.
The method for the determination of minimal separations and "potential" contact lines is fully described in Ref. [22] .
Transmission Errors. The total transmission error consists of the kinematical transmission error due to the mismatch of the gear pair and eventual tooth errors and misalignments of the meshing members, and of the transmission error caused by the deflections of teeth.
It is assumed that the pinion is the driving member and that is rotating at a constant velocity. As the result of the mismatch of gears, a varying angular velocity ratio of the gear pair and an angular displacement of the driven gear member from the theoretically exact position based on the ratio of the numbers of teeth occurs. This angular displacement of the gear can be expressed as
where φ 10 and φ 20 are the initial angular positions of the pinion and the gear corresponding to the initial contact point, φ 2 is the instantaneous angular position of the gear for a particular angular position of the pinion, φ 1 [22] ; N 1 and N 2 are the numbers of pinion and gear teeth, respectively, and
is the angular displacement of the gear due to edge contact in the case of misalignments of the mating members when a "negative" separation occurs on a tooth pair different from the tooth pair for which the instantaneous angular position is calculated [22] .
The angular displacement of the gear,
, caused by the variation of the compliance of contacting pinion and gear teeth rolling through mesh, will be determined in the load distribution calculation.
Therefore, the total angular position error of the gear is defined by the equation
Load Distribution. The load distribution calculation is based on the conditions that the total angular position errors of the gear teeth being instantaneously in contact under load must be the same, and along the contact line (contact area) of each tooth pair instantaneously in contact, the composite displacements of tooth-surface points -as the sums of tooth deformations, tooth surface separations, misalignments, and composite tooth errors -should correspond to the angular position of the gear member. Therefore, in all the points of the instantaneous contact lines, the following displacement compatibility equation should be satisfied: 
where it L is the geometrical length of the line of contact on tooth pair t i , ( )
is the influence factor of tooth load acting in tooth-surface Point F on total composite deflection of pinion and gear teeth in contact Point D. d K includes the bending and shearing deflections of pinion and gear teeth, pinion and gear body bending and torsion, and deflections of support-ing shafts. A finite element computer program is developed for the calculation of bending and shearing deflections in the pinion and in the gear [25] . As the contact points are at different distances from the pinion/gear axis, the transmitted torque is defined by the equation
where F r is the distance of the loaded Point F to the gear axis, F 0 t r is the tangent unit vector to the circle of radius F r , passing through the loaded Point F in the transverse plane of the gear, and t N is the number of gear tooth pairs instantaneously in contact.
The load distribution on each line of contact can be calculated by solving the nonlinear system of Eqs. (14)- (17) . An approximate and iterative technique is used to attain the solution. The contact lines are discretized into a suitable number of small segments, and the tooth contact pressure, acting along a segment, is approximated by a concentrated load, F r ∆ , acting in the midpoint of the segment. The actual load distribution, defined by the values of loads F r ∆ is obtained by using the successive-over-relaxation method. In every iteration cycle, a search for the points of the "potential" contact lines that could be in instantaneous contact is performed. For these points, the following condition should be satisfied: 
where t i is the identification number of the contacting tooth pair, z i of the segment. The details of the method for load distribution calculation in spiral bevel gears are described in Ref. [23] .
RESULTS
A computer program, based on the theoretical background presented, has been developed. By using this program, the influence of the character and order of polynomial functions (9) and (10) conducting the variations of the cradle radial setting p e and the modified roll for pinion generation on transmission errors, motion graphs and maximum tooth contact pressure was investigated.
The calculation was carried out for the spiral bevel gear pair of design data given in Table 1 . The basic machine-tool setting parameters for finishing the pinion and the gear teeth blanks were calculated by the method used in Gleason Works and by the method presented by Argyris et al. [2] , and are given in Tables 2 and 3 . Two cases were investigated: in the first case, the coefficients in Eqs. (9) and (10) were constant throughout the whole generation process of one pinion tooth-surface, in the second case, the coefficients were different for the generation of the pinion tooth-surface on the two sides of the initial contact point.
In Fig. 3 the motion graphs are presented for the case, when the cradle radial setting p e variation is conducted by the same polynomial functions up to third order throughout the whole generation process of a pinion tooth flank:
The maximum angular displacements of the driven gear member for different orders of the polynomial function are: in Table 3 ), the maximum transmission error is 7.039 arc sec. Therefore, a second order polynomial function is satisfactory, while the maximum transmission error is reduced by 68 %.
In the next trial, the cradle radial setting variation was conducted with different polynomial functions up to 5 th order for the generation of the pinion tooth-surface on the two sides of the initial contact point. The obtained motion graphs are shown in Fig. 4 . The optimized polynomial functions were:
-for the generation of the part of pinion tooth flank between the toe of the tooth and the initial contact point: 
-for the generation of the part of pinion tooth flank between the initial contact point and the heel of the tooth: The maximum angular displacements of the driven gear member, for different orders of the polynomial function are given in Table 4 . It can be concluded that by the 5 th order polynomial functions (20) and (21), the maximum transmission error can be reduced by 81 %. The variation of the cradle radial setting p e for the generation of pinion tooth, conducted by the two 5 th order polynomial functions, is presented in Fig. 5 . In order to determine the influence of the gear ratio on transmission errors and motion graphs, the polynomial functions for pinion tooth numbers of N 1 = 9 and N 1 = 19, with corresponding gear ratios of 5.5556 and 2.6316, are optimized. The motion graphs for different orders of the polynomial function are shown in Figs. 6 and 7. The coefficients of the optimized 5 th order polynomial function (9) for the two parts of the pinion tooth flank (on the two sides of the initial contact point) and the corresponding transmission error reductions are given in Table 5 . The further investigations were performed for the spiral bevel gear pair with data given in Table 1 (the pinion tooth number is N 1 =13).
The motion graphs for the two types of modifications, introduced by the variation of the modified roll for pinion tooth flank generation, are shown in Figs. 8 and 9 . In the first case, the variation of the modified roll for pinion tooth-surface gen-eration is conducted by the same polynomial functions up to 3 rd order throughout the whole generating process:
In the second case, the optimal variation of the modified roll for pinion tooth flank generation is conducted by two different polynomial functions up to 4 th order on the two sides of the initial contact point: The corresponding maximum angular displacements of the driven gear member are given in Table 6 . Again, the use of different polynomial functions on the two sides of the initial contact point performs better results: the reduction of the maximaximum transmission error is 61% against 21% when the same polynomial function is used throughout the whole generation process. The variation of the modified roll for pinion toothsurface generation, conducted by the two 4 th order polynomial functions, is presented in Fig. 10 . It can be noted that in most cases, the modifications introduced into the pinion tooth-surface by the variation of the cradle radial setting, yield to higher transmission error reductions. In Fig. 15 it can be seen that the transmission errors are insensitive to angular misalignments of the pinion axis in the vertical plane. The influence of the transmitted torque on transmission errors is investigated, also (Figs. 16-19 ). The modifications, introduced by the variation of the cradle radial setting, have a stronger effect on the reduction of transmission errors, especially in the case of smaller transmitted torques (Fig. 16) . In  Fig. 17 , the motion graphs for the spiral bevel gear pair with a pinion finished by the basic machine-tool setting, loaded with different torques, is presented. It can be noted that the angular displacements of the driven gear are much bigger for moderate torque values. By the use of tooth modifications, introduced by the variation of cradle radial setting conducted by different optimal polynomial functions on the two sides of the initial contact point, the transmission errors can be considerably reduced, especially in the case of moderate torque values (Fig.  18 ). When the modified roll variation is applied, the angular displacements of the driven gear significantly increase in the case of light loads (Fig. 19) . The maximum tooth contact pressure can be reduced only moderately by the use of machine-tool setting variations. In comparison with the spiral bevel gear pair, whose pinion is generated by the use of the basic machine-tool setting (Fig. 20) , the maximum tooth contact pressure can be reduced by 4% in the case of optimal cradle radial setting variation based on the reduced transmission errors (Fig. 21) , and by 7% when the velocity ratio in the kinematic scheme of the machine-tool for the generation of pinion tooth-surface is optimally varied (Fig.  22 ). 
CONCLUSIONS
A method for the determination of the optimal polynomial functions for the conduction of machine-tool setting variations in pinion teeth finishing in order to reduce the transmission errors in spiral bevel gears is presented. Polynomial functions of order up to five are applied to conduct the variation of the cradle radial setting and of the cutting ratio in the process for pinion teeth generation. On the basis of the obtained results the following conclusions can be made.
1. The transmission errors up to 81% can be reduced by the use of the optimal variation of the cradle radial setting in pinion tooth processing, conducted by two different polynomial functions of 5 th order on the two sides of the initial contact point.
2. The transmission errors can be also considerably reduced by the use of the optimal variation of the cradle radial setting in the case of misalignments inherent in the spiral bevel gear pair, and for different load levels.
3. The maximum tooth contact pressure can be reduced only moderately: in the case of the optimal variation of the modified roll, the reduction is 7%, and in the case of the variation of the cradle radial setting 4%.
4. The investigations have shown that by the combined variation of the cradle radial setting and of the modified roll, no further reduction of transmission errors can be achieved.
Fig. 21:
Tooth contact pressure distribution when the pinion teeth are generated with optimal cradle radial setting variation 
